OPERATIONS ON SPACES OVER OPERADS AND 
APPLICATIONS TO HOMOTOPY GROUPS 



WENBIN ZHANG 

Abstract. We establish certain smash operations on spaces over operads 
which are general analogues of the Samelson product on single loop spaces, 
^ and obtain a conceptual description of the structure of the homotopy groups 

^ of spaces Y over a symmetric K(it, 1) operad: Tr^y is a module over the free 

h-^ algebraic symmetric operad generated by operations on homotopy groups in- 

( duced by these smash operations. In particular the homotopy groups of double 

loop spaces is a module over the free algebraic symmetric operad generated 
by the conjugacy classes of Brunnian braids modulo the conjugation action of 
pure braids. 
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1. Introduction 

A fundamental problem in homotopy theory is to determine the homotopy groups 
TTifX of a space X. Structures of homotopy groups would be important for the 
determination of 7r*X by comparing with (co) homology theories which have rich 
structures so that they may be determined by generators and certain structures. 
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Thus structures are important to control (co)hoinology theories. For instance, the 
structures of are the essential part in the determination of 

[7j. The objective of this paper is to investigate the structures of homotopy groups. 
This paper is part the author's Ph.D. thesis. 

Determination of the homotopy groups ■K^^,X of a space X is equivalent to de- 
termination of the homotopy groups 7r*il"X of loop spaces f2"X (n > 1), as 
■Kk+nX — TTj^V^X. The latter has a great advantage that (iterated) loop spaces 
iV'X have rich structures which may be helpful to uncover the structures of 7r*r2"X 
and thus the structures of ^:.^,X. For instance, a single loop space f2X admits a 
product 



called the Samelson product, which induces a structure on -k^VLX similar to a Lie 
algebra. As illustrated by this example, certain products on (iterated) loop spaces 
may induce certain structures on homotopy groups. In this paper, we are concerned 
about generalization of the Samelson product to iterated loop spaces, namely 

Question: What structures on (n > 2) can induce certain 

structures on 7r*r2"X analogous to that the Samelson product on 
Q.X induces a Lie algebra structure on tt^JIX? 

To analyze this question, first let us recall that the little rt-cubes operad "^^n acts 
on r2"X for n > 1 [U [11] and its converse is also true. 

Theorem 1.1 (May (1972) p], Boardman and Vogt (1973) [2 ). If a path- connected 
space Y admits an action o/'^„, then Y is weakly homotopy equivalent to ^1"■X for 
some X. 

In other words, a path-connected space is of the weak homotopy type of an n-fold 
loop space iff it admits an action of up to homotopy. Namely the action of 'ifn 
on n-fold loop spaces 



characterizes n-fold loop spaces and thus should carry all the essential information 
of n-fold loop spaces. So good understanding of 9 on certain aspects may be helpful 
to obtain certain information of n-fold loop spaces. For instance, in homology the 
behavior of 9 is crucial to the homology of n-fold loop spaces, which had been well 
studied in 1970's [7]. Unfortunately on homotopy groups 6, as well as {il9)^,, is just 
the summation and thus does not carry useful information. 

Besides homology, then what else important information of n-fold loop spaces 
can be extracted from 9, especially on the space level? Notice that unites all 
operations on n-fold loop spaces as a whole and this unity is certainly of great 
advantages. In certain situations, however, it is necessary to break down into 
many finer operations. For example, in homology 9 is automatically broken down 
into many homology operations. To extract information from 9 on the space level, 
we propose the following idea which applies not only to %i and ft^X but also to 
general topological operads ^ and "^-spaces: 

Idea: Break down the action 6* of on "^-spaces Y into many 
finer operations by composing 9 with elements in [S\'^{k)], i.e. 
maps 5' — >■ '^{k) to get various maps x Y'^ ^ Y, then assem- 
ble all these finer operations together to recover (partially) global 
structures of Y. 




9 : %,{k) X {n'^Xf iV'X 
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Namely, for each a £ let 

then 9 is broken down into a lot of product operations 6a ■ 

Note that [S'',^] is naturally a A-set with faces di. The key observation is that, 
if dia is trivial for all i, then 0^ probably is homotopic to 

restricted to the fat wedge where is the iterated product on Y; if so, then ^'i. — Oa 
is null homotopic restricted to the fat wedge and thus factors through the smash 
product AY^'^, namely 

X y'^ > Y 



where 6^ is the induced map, called a smash operation on Y, which can be thought 
of as a general analogue of the Samelson product. This in fact gives the Samelson 
product if / = 0, y = ftX and a G 7ro'^i(2) = 5*2 is the transposition. Then each 
smash operation canonically induces a family of multilinear homomorphisms on 
homotopy groups 

{9a)* ■■ TT/S"' X TTrrnY X • • • X 7r„^y TTl+„,^+...+„lkY, 

sending [fi] E Tr^^y to the homotopy class of 

gl+mi-{ hmfc ^ S™^ A • • • A S"^'' ''^^•^'^ ^•^'°) 5"' /\ Y. 

We actually need only consider 

Oa -) : T^ratY X • • • X TTyyi^Y 7r;+™i +...+„j^ y, 

where l is the identity of niS^ . 



We propose the following conjecture (Conjecture 4.3) 



Conjecture 1.2. Let be a path- connected topological operad with a basepoint 
and Y a -space, then for a £ [S'','^(A;)] with all diU trivial, 6a — 1^!^. restricted to 
the fat wedge of 5' x Y^ and thus fjl^. — 9a induces a map da ■ S' A y^*"' — ^ Y . 



We prove that this conjecture is true for the following two cases (Theorem 4.4 



and Theorem 4.12 respectively). 



Theorem 1.3. The conjecture is true if 1) k = 2, or 2) Y is a path- connected 
topological K{t:, 1) operad with the actions of symmetric groups free. 

The first case is proved by directly constructing a homotopy from 6a to /i'^ . The 
proof for the second case given in this paper relies on a reconstruction of a K{-k, 1) 
operad given in |15j . The approach is that this conjecture can be directly verified 
for the associated topological operad of a group operad, then it can be proved for 
a general K{-k, 1) operad via the reconstruction of it from its fundamental groups 
operad. 

For the case and ^qX, The simplest smash operation (when k — 2) is re- 
lated to the Samelson product (they indeed coincide at least in homology) and its 
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induced operation on honiotopy groups is related to the Whitehead product. It is 
conjectured in this paper that they actually coincide. 

By assembling all these induced operations on homotopy groups from smash op- 
erations on "^-spaces, we obtain the following conceptual description of the structure 



of the homotopy groups of ^-spaces (Theorem 5.11 1. 



Theorem 1.4. If^ is a topological K{Tr,l) operad with the actions of symmetric 
groups free and Y is a path- connected -space, then tt^Y is a module over the 
free algebraic operad generated by all those a G [S\'t^] with dia trivial for all i. 
In particular, 7r*f2^X is a module over the free algebraic operad generated by the 
conjugacy classes of Brunnian braids modulo the conjugation action of pure braids. 

The identity map of 5" {n > 3) particularly generates a family of elements in 
TT^S*" under the action the conjugacy classes of Brunnian braids. It is also interesting 



to see (Remark 5.12) that the conjugacy classes of Brunnian braids is related to 
Lie(n) due to Li and Wu [S]. 

Notations and conventions. For ct, r S S'„, the product is a ■ t := t o a, i.e. 

(<T • T){i) = T{a{i)). Let Sk acts on symmetric operads from left and on X'' from 
right. 

Given fc > 1, > and Uj > 0, we shall often let m = mi + • • • + m^, 

n — ui -\- ■ ■ ■ -\- Urn- 
Two different label systems of A-sets and simplicial sets are used here. One 

is the usual one starting from and another one shifts to 1, i.e., starting from 

1. The latter is used for operads, like the symmetric groups operad, braid groups 

operad, etc. 

For any symbol a, let a'^'^^ denote the /c-tuple (a, . . . , a). 

For a normal subgroup H of G, let H/ca[G) denote the set of conjugacy classes 
of H modulo the conjugation action of G. 

For two pointed spaces X,Y , let {X,Y) and [X, 1^] denote the sets of pointed 
and unpointed homotopy classes of maps X — > y, respectively. Recall that [8] if X 
is a CW-complex and Y is path-connected, then ttiY acts on {X,Y) and there is a 
natural bijection between {X,Y)/ttiY and i^]; particularly [S'^jF] is the set of 
conjugacy classes of ttiF. 

Throughout this this paper, all topological spaces are assumed to be compactly 
generated Hausdorff spaces 13:. 

Organization of this paper is as follows. In section 2 we discuss some basic 
aspects of operads used in this paper. In section 3 we decompose the action of 
an operad on a "^-space into many product operations and investigate their 
properties. In section 4 we investigate the existence of smash operations and the 
relation between the simplest smash operation and the Samelson product. In section 
5 we investigate the induced operations on homotopy groups and their relation with 
the Whitehead product, and obtain a conceptual description of the structure of the 
homotopy groups of "^-spaces. 



2. Preliminaries 

In this section, we shall discuss some basic aspects of operads used in this paper. 
For two points x,x' in a space X,\et x ^ x' denote that x,x' are in the same 
path-connected component of X. 
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2.1. Product on "^-Spaces. Let be a nonsymmetric topological operad and Y 
a "^-space with basepoint *. For a G ^{k) {k > 1), 

defines a product of k variables. In addition, for a € "^(2), iteration of 0a can be 
represented by 7 and a. For instance, 

Oa o (Oa X id) = 7(a; 7(0; -),-)= lilia; a, 1); -). 

Proposition 2.1. If a ^ b e 'S'{k) (k > 1), then Oa ~ ^6. 

Proof. A path / : / '^(fc) with /(O) = a and /(I) = 6 gives 

F : 7 X y'^ <^(fc) X y'^ A y 

which is a homotopy from 6a to Of,. □ 

For a e "^(2), clearly 9a{*,*) = *, fi'al'i'jy) = 0{a;*,y) = 0{dia;y), 9a{y,*) = 
0{a;y,*) = e{d2a;y). 

Proposition 2.2. Let ^ he a nonsymmetric operad and a G "^(2). 

1) If dia d2a ~ 1 e "^(1), then 6a is homotopic to some ^ : Y x Y ^ Y 
with n{*,y) = *) = y via a basepoint preserving homotopy. If d^a = 
d2a = 1, then 0a{*, y) = y, 0a{y, *) = y- 

2) If a b G ^(2), then 6a — 6b via a basepoint preserving homotopy. 

3) If"f{a; 1,0,) ^ 7(0; a, 1) € ^(3), then da is homotopy associative, thus Y is 
a homotopy associative H-space with da- If j{a;l,a) = 7(0; a, 1), then 6a 
is associative. 

Proof. 1) If dia ^ d2a ~ 1 e "^(l), then there are paths /i,/2 : I — "^(1) such 
that /i(0) = dia, /i(l) = 1, /2(0) = d2a, ^(l) = 1. Let Hi : Y x I ^ Y, 
Hi{y,t) — 0{fi{t);y), i = 1,2. Then Hi is a homotopy from ) to id with 

Hi{*, t) = 0{fi{t); *) — *, and H2 is a homotopy from 0a{—, *) to id with i?2(*, t) = 
6{f2{t); *) = *. Moreover, 6a, Hi and H2 give a map 

(y X y) X u (* X y u y X *) X 7 y. 

Using the homotopy extension property, 6a is homotopic to some ^ : Y x Y ^ Y 
with ii{*,y) = *) = y via a basepoint preserving homotopy. 2) and 3) can be 



proved similarly. □ 

Proposition 2.3. Let be a symmetric operad, a G "^(2) and r = (1,2) the 
transposition. If a ^ ra G "^(2), then 6a is homotopy commutative. If a = ra, then 
6a is commutative. □ 



Corollary 2.4. If there is a G '^{2) with dia ^ d2a ^ 1, then Y is an H-space with 
6a; if moreover ^ (a; 1, a) = 7(0; a, 1) (resp. 7(0; 1, a) ^ 7(0; a, 1) G "^(3) ), then Y is 
an associative (resp. homotopy associative) H -Space with 9a ; or if moreover a = ra 
(resp. a ~ TO G "^(2)^, then Y is a commutative (resp. homotopy commutative) 
H-space with 6a. □ 
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2.2. Basepoint and Simplicial Structure of Operads. We discuss some basic 
facts about basepoint and simplicial structure of operads. Some of the following 
definitions and facts are already given in |15j . 

Definition 2.5. A basepoint of a nonsymmetric operad is a sequence of points 
{ek}k>Q with ei = 1 e <^(1), £ "^(fc) such that 7(6^; e^^ , . . . , J ~ e^. A 
strict basepoint is a basepoint such that 7(6^; e„ii, . . . , e™^) = em- 

For use in this paper, a basepoint of an operad is too week, but a strict base- 
point is too strong, so that we need a kind of basepoint in between. Consider 
the little 1-cubes (intervals) operad [TT]. Let co = * € and Ck = 

([0, i],[i,f ],..., [^,1]) e 'ri(fc). Let '^i(/c)o C <^i(fc) be the path-connected 
component of Ck- Then {^1)0 = {'^i(fc)o}fc>o is naturally a nonsymmetric subop- 
erad of ^1 . Suppose 'rf is a nonsymmetric topological operad admitting a morphism 
of nonsymmetric operads rj : ("^^1)0 — > For instance, if has a strict basepoint, 
then 77 : ("^1)0 — > * ^ for the little rt-cubes operad 'i^n, there is a canonical 
inclusion rj : ('^1)0 ^ '^n- Call {?7(cfe)}fe>o a good basepoint of and also say '£ 
is well pointed. For two well pointed topological operads with r\ : ("^1)0 ^ 
and with r/ : (^i)o — "^'j a morphism -0 : — )■ is called a morphism of well 
pointed topological operads if rj' = ip o rj. 

For a nonsymmetric operad define 

d, : '^{k + 1) -^(fc), d.a = 7(0; *, l'^^"') 
for 1 < i < /c + 1. If has a basepoint {e/i;}fc>o, define 

Si : '^(fc) ^ "^^(fc -f 1), s,a = 7(a; 62, l'""') 
for 1 < i < /c. By definition, 

diCfc+i = 7(efc+i; *, l''"') - e^, s^Cfc = 7(6^; 62, l''"') Cfe+i 
for all i and fc. 

Proposition 2.6. /las a basepoint iff there exists a € "^(2) sitc/i t/iaf c?ia ~ 
~ 1 e "^(l) fl'^c? 7(0; 1, a) ^ 7(0; a, 1). □ 

Proposition 2.7. Lei 'if be a nonsymmetric operad with a basepoint and k > 1. If 
'^{k) is path- connected, then is also path- connected for each i < k. 

Proof. For a e 'if{k - 1), Ck ^ 7(62; 1, a), thus Ck-i ~ diCk ~ dij{e2]l,a) = 
7(c?ie2;a) ~ 7(1; a) ~ a. So the assertion holds. □ 

Corollary 2.8. Let 'if he a nonsymmetric operad and k > 3. '£ has a basepoint 
and "^(k) is path- connected iff'^ii) is also path- connected for each i <k. □ 

Proposition 2.9. A nonsymmetric operad'^ is a A-sel If^ has a strict basepoint, 
then '€ is a simplicial set. If has a basepoint, then is a simplicial set up to 
homotopy, i.e. those simplicial identities hold up to homotopy. □ 

Proposition 2.10. For a topological operad ttq'^ is a discrete operad and thus 
is a A-set. If '^ has a basepoint, also has a basepoint and thus is a simplicial 

set. □ 

Let A a connected CW complex with a vertex as the basepoint. The most 
interesting case is that A is a Moore space, in particular A = S*", M(Z/p'", n). 
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Proposition 2.11. For a symmetric topological operad ^€ , \A, = {[A, 'rf{k)]}k>o 
with discrete topology is naturally a symmetric operad with the following data: 

1) For [/] e [A'^m, [ft] e [A,'^{m,)], 7([/]; [ffi], ■ • • , bfe]) is defined as the 
homotopy class of the following composite 

A A A''+^ fxai>^->^9k^ ^^^^ ^ ^^^^^ ^ . . _ ^ <^^^^^ 7^ 

2) The unit is [A ~> 1 -^(1)]. 

3) Sk acts on [A,'rf{k)] bya-[f] = [a-f] where {a-f){a) = (j{f{a)) for a e Sk, 
a e '^{k). 

If^ has a basepoint {efc}fe>0; [A,'^] also has a basepoint {[A — >• ^{k)]}k>o 
and thus is a simplicial set. Moreover, if A is a co-H -group and the action o/tti'^ 
on {A, is trivial, then [A, = {A, is a simplicial group. There are analogous 
results for nonsymmetric topological operads. □ 

Some canonical operads admit additional structure which leads us to the follow- 
ing definition. 

Definition 2.12. A DDA-sct is a sequence of sets {Xn}n>o with deleting functions 
di : Xn+i — >■ Xn, doubling functions Sj : Xn+i — >■ Xn+2, and adding functions 
: Xn Xn+i, l<i<n-|-l, n>0, satisfying the following identities, 

didj = djdi+i, SjSi = Si+iSj, d^d^ = d^'^^d\ for j < i, 

{Si-idj j <i, f d'-'^dj j <i, ( d*+^Sj j < i, 

id j = i,i + 1, djd^ = < id j = i, Sjd^ = I d^d^ j = i, 
Sidj^i j > i + 1, [ d^dj-i j > i, [ d^Sj^i j > i. 

A sequence of elements {e„}„>o with e„ G X„ is called a basepoint of a DDA-set 
{Xn}n>o if rfjCn = e„_i, SjC^ = e„+i and d'e„ = e„+i. A pointed DDA-set is 
a DDA-set with a basepoint. A morphism from a DDA-set {A'„}„>o to another 
DDA-set {Yn}n>a is a sequence of functions {/„ : X„ — > l^}n>o commuting with 
all di, Si and d*. A pointed morphism from a pointed DDA-set {X„}„>o to another 
pointed DDA-set {Yn\n>Q is a morphism preserving the basepoints. A DDA-group 
{Gn}n>o is a DDA-set such that each G„ is a group and all di, Si and are group 
homomorphisms . 

"DDA-set" seems not a good name. We would like to use a better one if there 
is any. The sequence of sets {X"}n>o where X is a pointed set, the sequence of 
symmetric groups {S'„}„>o, the sequence of braid groups {-B„}„>o and the sequence 
of pure braid groups {Pn}n>o are canonical examples of pointed DDA-set. {Pn}n>o 
is moreover a DDA-group. A pointed DDA-set is obviously a contractible simplicial 
set. The three functions, deleting, doubling and adding functions are motivated by 
the example of braid groups. 

We may also consider DDA-sets up to homotopy, i.e. those identities hold up 
to homotopy. The little n-cubes operad 'rfn {n > 2) is then not only a simplicial 
set up to homotopy, but also a DDA-set up to homotopy. Define : '^n{k) — >■ 
+ 1) as follows. For (ci, . . . , Cfc) € '^n(fc), suppose cj = cji x ■ ■ ■ x cjn where 
Cji, . . . , Cjn : I ^ I are affine functions. Define d^{ci, . . . ,Ck) to be (c'^, . . . , c^+i), 
where c'^ = {^Cji) x Cj2 x ■ ■ ■ x Cjn for j < i, c^- = x Cj_i_2 x • • • x Cj_i,„ 

for j > i, and c- = (i -|- iid/) x id"~^ 
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Proposition 2.13. [S'^ ,'^2] = {^'n/ca(/'„)}„>o is a DDA-set and n'^n = [S\'^n] 
is an abelian DDA-group for n > 3. □ 

2.3. Structures on {[X x ,Y]}k>Q. Recall that {Map(F'^, Y)}k>o is an operad 
[llj . Similarly, we have 

Proposition 2.14. {Ma.-p{X xY^ ,Y)) k>o is a symmetric operad with the following 
data. 

1) For f e Map(X x e Map(X X r^sy), define 7(/;ffi, ...,gk) 
as the composite 

XxF" ^ x^+^xY"" Xx(Xxy™i)x- • -xiXxY""-) ''^^''9iy^-y<9k^ ^^^fc 

2) T/ie identity element is the projection X x Y ^ Y . 

3) Sk acts onMap{XxY'',Y) by {(j-f){x;yi, ...,yk) = f{x;ya-^(i), ■ ■ ■ ,2/<T-i(fe)) 
for a G Sk- □ 

Corollary 2.15. {[X x Y'',Y]}k>Q is a symmetric operad with the following data. 

1) For [/] e[Xx y^r], [g,] e[Xx y^^,y], 

7([/]; [.91], ■ • ■ , [9k]) [7(/;3i, • • • ,5fc)]- 

2) T/ie identity element is the homotopy class of the projection X x Y ^ Y . 

3) Sk acts on [X x y^ Y] by a ■ [/] ^ [a ■ f] for a C Sk- □ 

Let y be a homotopy associative iJ-space with product /i : y^ — > y. Let Hk 

denote the iterated product y'= ^""'""^ y^ A y, and : X x y*^ -^Y 
(sometimes [/Lt'j.] is abbreviated to /ij, for convenience). 

Proposition 2.16. Suppose Y is a homotopy associative H-space. Then {/iA:}fe>o 
is a basepoint o/{Map(X x Y'^, Y)}k>o and {[Mjj]}fe>o is a strict basepoint of {[X x 
Y\Y]}k>o. " " □ 

Let y be a homotopy associative and homotopy commutative _ff-space. Given 
/ e Map(Xxy^y), define dj G Map(Xxy'='\y), sj, d'f g Map(Xxy'=+\y) 
as follows, 

drf = 7(/;Mr\*,Mf"*), - 7(/;Mr\A^2,A^'i'"^), 

d\f : XxY''+^ = XxY'-^xYxY''+^-' {XxY'-^xY''+^-')xY YxY A Y, 

{d'f){x; yi, . . . , yk+i) = f{x; yi, . . . ,y^, . . . , yk+i) + yt- 

Moreover, define di[f] = [dif], Si[f] — [sif], d'^[f] — [d^f]. Note that generally 
d'{[f] + [f'])^dy]+dy], since 

{d\f+f')){x;yi, . . .,yk+i) = f{x;yi,.. .,yi,.. . ,yk+i)+f' {x;yi, ...,yt,.. ■,yk+i)+yt, 
{d'f+d'^f){x; yi,..., yk+i) = f{x; yi, . . . ,y^, . . . , yk+i)+f'{x; yi, . . . ,yi, . . . , yk+i)+2y„ 

{{d'f + d'f) - d\f + f')){x- yi, . . . , yk+i) = yr. 
Lemma 2.17. For /, /' e Map(X x Y^,Y), g, e Map(X x y™',y), 
lif + f';9i,---, 9k) = 7(/; 5i, ■ • • , 5fe) + 7(/'; 5i, ■■■,9k)- 

Thus 

7([/] + [/']; [51], • • • , [9k]) = 7([/]; [51], • • • , [9k]) + 7([/']; [51], • • ■ , k]). 
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Proof. The identity follows from the following commutative diagram 

X X y™ x^+^ X 



A 

+ 

r'm\2 



{X X y™)^ X X (X X y"i) X 



(Axid"")^ 



idxgiX---xgje 



□ 



X y'")2 X X y'= 

A 

(X X (X X y™o X • • • . (X X Y'^f . y2 ^ y 

Remark 2.18. In general, 7 is not multilinear. In fact, generally, 

l{f\9i+9'i,92,---,9k) ^ lif; 91, ■ ■ ■ , 9k) + lif] g'l, ■ ■ ■ , 9k), 
For example, 

7(Mfe; .91 + .91, .92, • • • , .9fe) - .91 + ff'i + H h 

7(Mfc; 9i,---,9k) + 7(Mfe; 5i, • • • , - 51 + • • • + fffc + 51 + • • • + 
Moreover, generally 

7(.f ; .91 + .9i , • • • , .9fe + .9fe) ?^ 7(./; .91 , • • • , .9fc) + i{.f; g'l,---, g'k)- 

Proposition 2.19. For a homotopy associative and homotopy commutative H- 
space Y, {[X x y'^,y]}fc>o is a simplicial abelian group and a DDA-set. □ 

3. Product Operations on ^-Spaces 

In this section, the action of a (nonsymmetric or symmetric) opcrad on a 
■^-space is broken down into many small pieces, product operations. 

Let = {'^{k)}k>o be a (nonsymmetric or symmetric) operad and y be a 
■^-space with action : <^(fc) x y*^ ^ y. A; > 0. For a G <^(A:), define 

6»a : y*^ ^ a X y'' <r(A;) xY'' ^Y. 
If a ^ 6 e ^(fc) then 9a — Ob- Thus there are obvious functions 

e^'^ : TTo'^ik) -> [y^ y], « = [a] ^ ^„ = 

For / : 5' ^ '^{k) {l>0), define 

Of.S^x Y^ '^{k) xY'' ^Y. 

Clearly Of ~ 9g li f ~ g. Thus we have functions 

: [5','^(fc)] ^ [S' X y^y], a^[f]^9^ = [9f]. 

In particular, 

©2 = : Pk/c-4Pk) - [s\'^2{k)] ^ [s^ X (^^2x)^^22x], a ^ e^, 

and for n > 3, 

e5i'= = 6^*= : wi'^nik) = [S\'^n{k)] [S^ X (^"X)^^"X], a ^ 
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For a G T:oto{k) or a G [S'','^(fc)], 9a is obviously natural with respect to "^-maps. 
Call these 6^ product operations on Y . 

Remark 3.1. In the construction of product operations, S*' can be replaced by a 
general path-connected space, in particular by a Moore space. 

3.1. Behavior of Product Operations in Homology. For = (n > 2), 

the behavior of these product operations in homology can be calculated following 
Cohen's calculation 7 of the homology of "^n-spaces. From this calculation, we 
shall see that many product operations are nontrivial. 

For convenience, the following two composites (with integral coefficients) 

H^'^ik) (g) [H^Y)®^ H.i'^ik) X Y'') % H,Y, 

HiS^ ® {H^Y)'^^ H.,{S^ X Y'') H,Y 

are still denoted by 9^, and {9a)*, respectively. Clearly 

{9a)*{i' <E) yi (E) ■ ■ ■ (E) Uk) ^ 9^{a (E) yi (E) ■ ■ ■ (E) yk), 

where i is the fundamental class of HiS^ and a = a*(i) is the homology class of a. 

Proposition 3.2. Let aij, 1 < i < j < k, denote the standard generators of 
H.n^i{%,(k)) (n > 2). Then 

0*{aij (E xi E^ ■ ■ ■ E> Xk) — Xn^iixi, Xj)xi ■ ■ ■ Xi ■ ■ ■ Xj ■ ■ ■ Xk 

up to sign, where xi, . . . ,Xk € H^,fl"^X and A„_i(.x, y) = {—iy^^^^'>^^^^^9^,{LEixEiy) 
is the Browder operation |7j . 

Proof, aij can be represented by a map 5*""^ — >■ '^n(fc) given by an inclusion 
5"^^ — > M" illustrated by the following figure. 




(This map is homotopic to two other maps illustrated by the following two figures 
respectively. 




The latter is given in Cohen's calculation.) Note that 

7* : i/*'^„(2) (E H/€n{2) E) H*%,{k - 2) ^ H/^nik), 7*(eo <E ai2 <E bq) = ai2. 
Then 

9*{ai2 (g xi (g) • • • (g Xfc) = 6'*(7*(eo g) 012 g) eo) g) xi g) • • • g) Xk) 

= 9* (eo g) 0* (ai2 g) xi g) a;2) g) 0* (eo g) a;3 g) • • • g) a;fe)) 
— 9*{ai2 E) xi E) X2){x3 ■ ■ ■ Xk) 

^ {-l)(^-^)\-\ + ^X,^_,{x,,X2)x3 - ■ ■ Xk. 
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The others foUow from the identity for ai2 and the equivariance of ^, c.f. sections 
7, 12 and 13 of Cohen's calculation of the homology of ^„-spaces I7|. □ 

Corollary 3.3. Let Aij, I < i < j < k, denote the standard generators of 
7ri<r2(fc) = Pfe. Then 

(6'A,j)*(t ® xi <Si ■ ■ ■ <Si Xk) ^ Xiixi,Xj)xi - ■ ■ Xi - ■ ■ Xj ■ ■ ■ Xk 

up to sign, where Xi, . . . ,Xk S H^.OF'X . □ 

The sign can be made explicitly. It is omitted here just for simplicity. 
Consequently, many of these operations are essential; namely, not nuU-homotopic, 
nor homotopic to the summation 



71 \r\k ^1^. 



3.2. Structures Preserved by Product Operations. These product operations 
preserve certain combinatorial structures. 

Proposition 3.4. For I > 0, 9^ = {Qtf}k>o is a morphism of nonsymmetric 
(resp. symmetric) operads and preserves basepoints if is nonsymmetric (resp. 
symmetric) . 

Oi^* may be thought of as a measure of the complexity of the "i^-structure on 
Y, in particular as a measure of the complexity of the n-fold loop space structure 
on fi^X if ^ = ^„ for n > 2. In addition, product operations provide examples of 
another kind of actions of operads, i.e. the operad [5'',^] acts on Y via 



e: 



Proof. The assertion is obvious for I — 0. Next let Z > 1. For convenience, ab- 
breviate to 9. First check that 9 commutes with 7. For [/] G [S'','^(A;)] and 
[g,] e [S'/^{m,)], 



0(7([/];[5i] 
7(0[/];0[.9i], 

To prove 

0(7([/];[5i],-- 

we need only prove 



■■ J5fc])) = 6'7([/l;[9l],-j5fc])' 

■ .^[9k]) ^ liO[f];d[g,], ■ ■ . ,0[g^]). 
k]))=7(e[/];9[gi],...,9[gfc]), 



7(6'[/];^[gi]> • ■ • = ^'7([/];[9i],-,[fffc])- 

The latter identity follows from the following homotopy commutative diagram 

idx (gi xid™! )x 

'Tx(giXid'"i)x 

S*' X ('^(mi) X y™!) X ••• 
idxe*" 

rk /xid" 



idxe 




'^(m) X 



gi X Y" 



X Y" 



where the left part and the right-lower square are strictly commutative and the 
right-upper triangle is homotopy commutative. 

It is evident that 9 preserves the identity element. 
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Finally if ^ is symmetric, the equivariance of follows from the following com- 
mutative diagram 



<id'' 



id> 



/XCT 



idxc 



T 

— - y. 



□ 



Proposition 3.5. For I '>\, is natural with respect to 'if -maps in the sense 
that the following diagram is homotopy commutative 

X Y^^ Yi 

idxf" 

X Y^ Y2 

where a : ^ ^(fc) and f : Yi ^ Y2 is a 'tS'-map. There is similar naturality for 

Proof. The above diagram is actually commutative due to the commutativity of 
the following one 



□ 



Proposition 3.6. For I > 0, 6^* is a morphism of simplicial sets. For n > 2, 
oil* is moreover a morphism of DDA-sets. 

Proof. It remains to check that 

which can be proved first for then for the rest by converting to d*^"*"^ using 

the equivariance oi 9. □ 



It should be noted that 0^*^ is not a group homomorphism. 



4. Smash Operations on ''^-Spaces 

Some product operations Y'^ ^ Y (resp. S'' x Y'^ ^ Y) may induce maps 
yAfc _^ Y (resp. 5' A — )■ F) which are natural with respect to "^-maps. Call 
these induced maps smash operations on Y. These smash operations arc interesting 
because they are general analogues of the Samelson product and provide many 
operations on homotopy groups. 
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4.1. Preparation. Let be a (nonsymmetric or symmetric) operad with a base- 
point {efc}fe>o, Y a "^-space and Yq the path-connected component of the basepoint 
of F. Let 

Hk = e^, : y'= ^ X ^(fc) X y'^ A y, 

Note that (fc — l)-fold iteration of ^2 is homotopic to /Ufe. 
Lemma 4.1. For l>l,0fO (idg; x d') = ^rf^/, 

5' x y'=-i 5' X Y" 

Of 




where f : S'' ^ ^(k) and cP : ^ = Y^ ^ x * x Y'' ^ ^ Y'' . In particular 
Of o (id^i X cC) = 0,1^ f ^ if dif is nullhomotopic. 

Proof. By the definition of a '^^'-action, the following diagram is commutative 
"^(fc) X y*-i X * X Y''-' ^ "^(A;) X y*^ 



^(fc - 1) X y 



fe-1 



T 



and ^(c; k*^) = * for any c G ^{k). Then the following diagram 

X y*-i X * X Y^-'^ c 5' X Y^ 




gl X yfc-l <^(^) ^ yi-l X ^ X yfe-1 



/xid 

'^(fc) X y*^ 



di / X id 

<r(fc- 1) X y'^-i 

is commutative, thus the identity holds. 



T 

y 



□ 



We are interested in those a G ttq^ or a e [5', "^(fc)] (Z > 1) with dia trivial for 
all i. Let Zxttq^ = 1 and for > 1, 

k 

Zk-Ko"^ = Pi Ker [di : 7ro'^(fc) no'^{k - 1)). 

i=l 

If ^ is discrete, also denote Brunfe*^ = Zkiro'^. For instance, Brun^^ = Brun/j is 
the usual Brunnian braid group, where ^ = {Pk}k>o is the sequence of pure braid 
groups. For / > 1, let = 1 and for fc > 1, 

fc 

MS^,'^] = C]Kev{di : [S\'^{k)] ^ [S',<r(fc- 1)]). 
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For example, Z2[S^ ,'^2] = Brun2/ca(P2) = P2, Zk[S^ ,'^'2] = Bmnfc/ca(Pfe) and for 
n > 3, Z2[5',^„] = 7r,'^„(2) = t:iS^~\ Zfc[5',^„] = Zfe^,^„ is a subgroup of [IT] 

fc-l i 
i=l 

which may be thought of as the higher dimensional analogue of Brunnian braids. 
(Note aij ^n{k) ~ F{m.^,k), n'^nik) = 7riF(M",fc), TriF(R^,k) = Pk.) 
For the product Xi x ■ ■ ■ x Xk of pointed spaces, define its fat wedge as 

FW{Xi X ■ ■ ■ X Xk) = {{xi, . . . , Xk) £ Xi X ■ ■ ■ X Xk \ at least one Xi 

Note that if a [/] e Zk[S','S'], then Of o (id^; x d') = 0^./ ^ Mfc-i for all i. (For 
convenience, we shall sometimes also use 9a to denote 0/ by abuse of notation.) 
One may wonder if all these homotopies can be glued together to give a homotopy 
on the fat wedge. Namely, is da homotopic to ^'j, restricted to the fat wedge, 

k 

Oa ^ Mfc : FW(5' X y'=) = (* X ¥>") U (S"' x |J Y'-^ x * x Y''-') F? 

i=l 

Noting that S*' A Y'"' = x Y''/FW{S' x if this is true, then fi'^^ - Oa factors 
through S*' Ar^^ 

gl ^ yfc y Y 

A 

/ 

where 9a is the induced map, called a smash operation on Y. Hence to get smash 
operations, the key is to have that 9a is homotopic to /xj. restricted to the fat wedge. 

Example 4.2. For the little 1-cubes operad "^i, tto*^! ^ ~ {Sk}k>o the sym- 
metric groups operad, Z27ro'^i = 5*2 = {Ij'''} and ZkiTo'^^i = 1 for fc 7^ 2 where 
T — (12) is the transposition. Let fi : flX x ilX ftX be the loop product. Then 

9r:nxxnx-> nx, (/, 5) ^ ^^(.g, /) = .9 • /. 

Evidently, 9r ~ fJ. : nX V ftX ~¥ nX . Thus - 6*^ : x f7X ^ factors 
through nX AnX, 

nx X nx -^^-^ nx 

Clearly ji — 9r is exactly the commutator product [/,<?] = fgf^^g^^- Thus the 
induced map 0,- is exactly the Samelson product [— , — ] : ^X A ilX — > ilX. 

Concerning the existence of smash operations, we propose the following conjec- 
ture. 

Conjecture 4.3. Let ^£ be an operad with a basepoint and fc > 2. If a G Zk[S\'i^] 
(I > 1) such that «(*) ^ efc, then 

9a^fJ-'k- FW(S'' X Y'') -> Y. 
From the above discussion, if this conjecture is true for an operad then each 
a G Zk[S'','^] gives a smash operation 9a ■ S'' AY^'' ^ Y. 
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4.2. The Case of Two Factors. In this subsection we prove that Conjecture 



4.3 is true in the case of two factors for general operads. For a e "^{k), let 0'^ : 



gi X yfc yfc ^ Y, and ei : 5' ^ 1 <^(1), Ca : ^ a '^{k) denote the 

constant maps. 

Theorem 4.4. For an operad , ij e ^ ^(2) with die ~ d2e ~ 1 G "^(1) and 
ae Z2[S\'^] (l>l) with - e, then 

Oa-^e'^: FW(S'' X r^) = X u (S"' x * x y) u (s*' x y x *) ^ y. 

This result should also be valid for homotopy commutative i7-spaces. 

Proof. Suppose a = [/] G Z2[S\'^], namely f : ^ '^{2) with dif ~ ei and 
d2f — e\. We may assume /(*) = e (if not, choose g — f with ~ e, then 
OfC^iOg). Then 6*/ = 6*;^ restricted to * x y^ c 5' x y^. 

First construct a homotopy from 6f to 9'^ restricted to x (Y \/ Y). Note 

0/(a;*,y)-e(/(a);*,y) = e(di/(a);2/), 0^(a; y) = 0(e; *, y) - 0(die; y), 

^/(a; 2/: *) = &if{a);y, *) = e{d2f{a)\y), 9'^{a; y, *) = ^(e; y, *) = e{d2e; y). 

Since di/ ~ ei ~ e^^g and ^2/ — ei — £^26, there are Fi,F2 : I x S' ^ "^(l) such 
that Fi(0;a) = di/(a), -Fi(l;a) = die, F2{0;a) = ^2/(0), -^2(1; a) ^26. Define 

F[: I X x*xY ^ "^(1) X y ^ y, F[{t;a;*,y) = d{Fi{t\a)]y), 

F!,:IxS'xYx*^ xY^Y, F^{t; a; y, *) = 0(F2(t; a);y). 

Then F{(0; a; y, *) = 9{dif{a)-y) = Of {a; *, y), F[{1- a; *, y) = e{die; y) = 9',{a; *, y), 
F[{t; a; *, *) = e{Fi{t; a); *) = *; F^(0; a; *, j/) = e{d2f{a); y) = Of {a; y, *), F^(l, a; *) 
0{d2e; y) = 9'^{a; y, *), F2{t; a; *, *) = 0{F{t; a); *) = F[, F2 coincide on 

(/ X s*' X * X y) n (/ X 5' X y X *) = / X 5' X * X *, 

thus they can be glued together to give a homotopy 

H:/xS''x(*xyuyx*)^y 

such that H{0;a;yi,y2) = 6'/(a; yi, ^2), H{l;a;yi,y2) = 6*^(0; yi, ^2)- 

Note that H{t; *; yi, y2) may not be 0g(*; yi, y2) since we may not have F{t; *) = 
die, G{t; *) = ^26 (the loops H{—; *; yi, y2) even may not be nuUhomotopic). Next 
modify H to another homotopy from 9f to 9'^ with H'{t; *; yi, y2) = 6'e(*; yi, y2) 
for t e / and (*;yi,y2) G (* x y2)n(S'' x (y vy)) = * x (y vy), then a homotopy 
from 9f to 9'^ restricted to the fat wedge is obtained. H' can be obtained in the 
following way. Let 

i7i : / X 5' X (y V y) ^ y, (t; a; yi, ys) ^ H{1 - t; *; yi,y2). 

Gluing H and together, let 

(Now the loops H2{-~', *; yi, y2) are uniformly nuUhomotopic.) Define a map I x I x 
* X (y V y) — > y (which is a uniform nuUhomotopy of the loops H2{—; *; yi, y2)), 

H{2t;*;yi,y2) 0<t<^^, 
{s,t;*;yi,y2)^ { H{1 - s;*;yi,y2) ^<t<^^, 
H{2-2t;*;yi,y2) ^<t<l, 
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particularly (s, 0; *; j/i, ^2), (s, 1; *; ^2), (1, i; *; yi, 1/2) ^^ iJ(0; *; yi, ^2) = 8'ei*;yi,y2)- 
This gives a map 

X (/ X 5' X (r V r)) u / X {{di X 5' X (r V y)) u (/ X * X (y V y))) ^ y 

which can be extended to a map ffa : I x I x S'' x {Y\/Y) y. Let a; yi, ^2) = 
H3{l,t;a;yi,y2)- □ 

Corollary 4.5. i^ora e ZaiS'','^], ^2-^*0: 5''xy2 ^ Y factors through AY AY , 

S' xYxY Yo 

s'' A y A y. 

Suppose y is furthermore a group-like space (this holds if y is a connected 
CW-complex [H]). Then the identity has an inverse, denoted by —id : y — >■ y. Let 

= 0„ o (ids, X (-id)'). 

Corollary 4.6. For a e Z2[S'','^], ^2 + 0q,_ anrf 6a + 6a - both factors through 
AY AY, 

S'xYxY "^^^ Yo S'xYxY Yo 

1 ' 1 ^ 

5' A y A y, 5' A y A y. 

Clearly 6a^- ^ 0a ° {idgi A (-id)^^)^ 
Proposition 4.7. For primitive yi,y2 G -H^*y, 

(^a)*(^® 2/1 ® 2/2) = 6'*(a® yi ® 2/2), 
(^Q _)*(t ® 2/1 ® 2/2) = 6'*(a«) yi «) ^2), 
(^a +^a,_)*(t«)yi «)?/2) = 204a(g)yi(g)y2). 

4.3. General Cases. To generalize the proof for the case of two factors to the 
general cases of more factors, the key is to modify those homotopies so that they 
can be glued together. Let us analyze the general situation first. 

Suppose a = [/] G Zk[S\'^], namely f : ^ '^{k) with ~ ee^_, for l<i< 
k. We may assume /(*) ~ Ck (if not, choose g — f with g{*) = e^, then 0f ~ 6g). 
Restricted to * x Y'' d S'' x Y'^, 0f = 6{ek\ — ) = Mfc (^(e/t; -) and ^'j, are regarded 
as the same since they are homotopic). Note that for y — {yi, . . . ,yk) S Y'', if 
yi = *, 

0f{o.;y) 0{f{a);y) = 6{dJ{a);y), n'k{a;y) = 6{ek;y) = 0{d,ek;y). 

Since dif ~ eefc_i — Cdiefc, there \s Fi : I x '^{k—1) such that Fi(0; a) — dif{a), 
Fi{l;a) = diCk- Define 

Fl-.IxS'xY,^ '^{k-l) X y'=-i ^ y, Fl{t;a-y) = 6{F,{t-a)-d,y), 

where Y^ = Y'^^ x * x Y'^^\ For i < j and y e y^ n y^, 

Flit'i a; y) = ^(i^i(t; a); d^y) = 0{dj^iF,{t; a); dj^id^y), 

F^{t;a;y) ^ 0{Fj{t;a);djy) ^ 0{d,Fj{t;a);d,d,y). 
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Note that dj^idiy — didjy, 

dj^iFi{0;a) = dj_i(ij/(a) = didjf{a) = diFj{0;a), 
dj^iFi{l;a) = dj^id^ej, = didjCk = diFj{l;a). 

For < t < 1, we have dj^iFi{t; a) ^ diFj{t;a), but may not have dj^iFi{t; a) — 
diFj{t]a). If we only have dj-iFi{t] a) ~ diFj{t;a), there is no obvious way to 
modify those homotopies so that they can be glued together. Nevertheless, if 
dj^iF,{t; a) = diFj{t; a) for all a e S*', < t < 1 and 1 < « < j < fc, then all F^ can 
be glued together to give a homotopy from 0j to /ij, restricted to / x 5' x FW(y'^), 
which can be modified to a homotopy from 6f to /i'j, restricted to / x FW(S'' x Y'^) 
using the same trick. 

Lemma 4.8. Let ^£ he an operad with a basepoint and k > 3. If a G Zk[S'','i^] 
(I > 1) has a representative map / : S*' -> '^{k) with /(*) = and homotopies 

dif ~ CdiCfc ■ ^ '^i'{k — 1) such that dj^iFi{t; a) = diFj{t;a) for all a E 5', 
< t < 1 and 1 < i < j < k, then 

Oa^Hk- FW{s' X y'^-) ^ Y. 

In particular, the assertion holds if a has a representative f with dif — eej._i for 
l<i<k. □ 

Though the condition in this lemma is strong, there is still a family of operads 
satisfying such condition. In the following, we shall need the theory of group operads 
and topological K{tt, 1) operads developed in [T5] . 

Let = {Gfc}fc>o be a group operad with tt : — )■ y. Denote = {IIk}k>o = 
Ker TT. E'S I is a simplicial operad (symmetric if tt nontrivial and nonsymmetric if 
TT trivial) and ^ = 'K\{E'S j M'^ — {tti{EG k / Hk)} k>o can be canonically embedded 
in E<:^/J^ by 

Hk A TTi{EGk/IIk) = {Hkiek.a) \ a e Hk}, a t-^ Hk{ek,a). 

In particular Zfe7ri(£;^/jr) can be embedded in E^S j , thus each a € Zk'^i{E'^ /J^) 
can be represented by Hk{ek,a) which satisfies that diHk{ek,a) = Hk{ek, dio) = 
Hk{ek, Ck) is the identity. Hence we have 

Lemma 4.9. For a simplicial set Y with an action of E'S j .^P and a e Zk'T^i{E'^ / J^), 
9a = fJ^k ■ FW(S'' X Y^) — > Y. Taking the geometric realization of \E^/Jif\, we 
also have 9^ = ^'j^ '■ FW(5' x Y^) — !■ Y where Y is a topological \E'^ j space and 
a=\a\ e ZkTri\E<:^/Jf\. □ 

Lemma 4.10 (Theorem 5.3 in [15J). Let be a path-connected, locally path- 
connected and semilocally simply-connected nonsymmetric operad (resp. symmetric 
operad with the actions of symmetric groups free ) with a good basepoint. If is 
K{tt, 1), then - IStti'^/tti'^I (resp. ^ - \E'Kx{'€ I 5^)It^i'€\). □ 



Lemma 4.11. Suppose Conjecture^J^is true for a topological operad 'if. 1) If there 
is an equivalence : ^ — ^ of operads, then it is also true for . 2) If there is 
an equivalence ip : 'la" ^ of operads, then it is true for and for path- connected 
'lo" -spaces of the homotopy type of CW- complexes. Hence if^^ , then it is true 
for and for path- connected "^S"' -spaces of the homotopy type of CW-complexes. 
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Proof. Note that an equivalence of operads induces isomorphisms on homotopy 
groups. If there is an equivalence : ^ — of operads, then any ^'-space Y is 

also a "^-space and any / : S*' — !• '^'{k) can be factored as — ?► '^{k) A- "^'(fc) so 



that Conjecture 4.3 is also true for 



Suppose Tp : IB an equivalence, then %p : X — is a homotopy 

equivalence where X is a path-connected pointed space of the homotopy type of 
a CW-complex [11]. Given / : S*' — "^'(fc), we have the following commutative 
diagram 



?'{k) X {'^'Xf — '^'X 



5' X Cif'X) 



If [/] e Zfc[5'S'^'], then [V' o /] e Zfe[S'S'r], thus the following diagram 



FW(S'' X {"t^Xf) ^ X (<^X)^ 



'^X 



is homotopy commutative. Consider 



FW(5' X i'^Xf)'^ 



FWCS*' X {'g'Xff- 



5' X C^'X)*^ 



Except the front square, all the other squares are either commutative or homotopy 
commutative. Hence 6*/ ~ : FW[S^ x i^' Xf) X since X ^ is a 

homotopy equivalence. If F is a path-connected '^^''-space, we have the following 
commutative diagram 



gl ^ yk ^ <^'(^) X > Y 
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Then from the fohowing commutative diagram 

FW(5'' X {^'Yf)'^ 



5' X (-if 'r)* 




we also have OfC^pLk: FW{S^ x Y'') Y. 



□ 



If a "^-space Y is not path-connected, then we can consider the path-connected 
component Yq of the basepoint since Yq is also a ^-space. Let ^IqX denote the 
path-connected component of basepoint of f2"X. 

Theorem 4.12. Let he a path- connected, locally path- connected and, semAlocally 
simply- connected nonsymmetric operad or symmetric operad with the actions of 
symmetric groups free, and with a good basepoint. If 'rf is K{tt,1), then for a G 

for k > 2 and "lo -spaces Y of the homotopy type of CW-complexes. In particular, 
for a e Zk[S^,'i^2] = Brunfe/ca(Pfc), 

Corollary 4.13. fj,'^ - 6^ : S'^ x Y^ -s- Yq factors through A Y^^'', 



S' X Yr 







S^AYo^''. 

For a e Zk[S^,'^], let 9a- =0^0 (id^i x (-id)'=). 
Corollary 4.14. /i'^ -|- 6^- and 9a + 9a - both factors through A Y^'' , 



A yo^^ 

Clearly 9a,- = 0a o (idsi A (-id)^''). 

It is natural to ask if the result can be extended to include other path-connected 
components, namely, 9a — l^'k ■ FW{S^ x Y^) — >■ Yq. However this is unknown yet. 

4.4. Relation with the Samelson Product. Smash operations constructed above 
may be thought of as general analogues of the Samelson product [— ,— ] : A 
QX ClX, and the simplest case probably coincide the Samelson product. 

Recall that '^„(2) (n > 2) is S'2-equivariantly homotopy equivalent to 
Thus 



n-l 



n-l 
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Let t„_i e Z2[S" corresponding to [idsn-i] G TTn-iS*" ^. For convenience, 



we shall abbreviate to l. By Theorem 4.4 we have the following smash oper- 
ation 

We next discuss its relation with the Samelson product. 

For n> 2, let be the Samelson product of the canonical inclusion T,^~^X ^ 
with itself [T^, i.e. 

and 

where the last map ev is the evaluation map. 

Proposition 4.15. and ipn induce the same homomorphism in homology. 
Before giving the proof, recall the suspension isomorphism 

a : HkX Hk+iiY.'"--^ X) = Hn-iS''-^ (g) HkX, a^aa^i®a 
and the suspension homomorphism 

a : H,{nX) A H,+i{j:nX) ^ H,+iX. 
Let i : X ^ flUX be the canonical inclusion. In the following diagram 

H4nj:x) H^+i{j:fiY.x) 
V 

(Si). I cv. 

H,X >H.,+ihx) 

a o — (Si)* o cr by the naturality of a and ev* o a o i^ ~ a since the evaluation 
map ev : Sf^SX Y.X has a section Ei : EX Sf^SX. 

Proof. Since the diagonal map A : E"^^X — > E"^^X x E"^^X is homotopic to the 
composite E"-iX Y.'^-'^X V E"-iX S"-^X x T.'^-^X, A.,a = a ® 1 + 1 (g) a 
for a e namely all elements of i?*(E"^^X) (n > 2) are primitive. 

According to Lemma 6.3.7 in [12], 

{(Pn)* ■■ (g) H4^"-^x) i7*(i]E(E"-ix)) = th4j:"-^x), 

(0„)*(CTa g) ct6) = aa • a6 - (-1)I^"II^''I(t6 . tra. 
On the other hand, 

ii},,)* ■■ i/*(E"-iX)(gi/*(E"-iX) ^ ff*(f7E(E"-iX)) =t5*(E"-1X), 

(V'n)*(crag) (t5) = (V'n)*(i(gag)ig)5) = (V'n)* (g (■ g) a (g ^) 

= (-l)("-i)l°lev*(ig)6'*(ig)ag)6)) 
= CTa-cr6- (-l)l'""ll'"^l(76-CTa, 
where the last step is obtained by applying Theorem 2 in [3] n — 1 times. □ 
It is then natural to make the following conjecture. 
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Conjecture 4.16. (pn — 

It was first guessed that 9^ should be related to the Samelson product right after 
observing the following similarity. We shall only consider il^Y,^ but the discussion 
also applies to r2"S". The Samelson product induces 

A (rj^S^X)^^ ^ n^Y,^{S^ A (f^^S^X)^^) _^ ^2^^1 ^ s2(f]2j.2^)A2^ 

^ n^{s^ A E^x A n'^T.^x) n^{s^ ax a t.^x) 
n^{s^ A EX A sx) nnT.{i:x a ex) 

where : fiE(EXASX) ^ rJI](I]X) is the extension of (/)2 : SXASX ^ 
This map has the same domain and codomain of 

If 02 ~ "02, then the above two maps are homotopic as well. This similarity can 
also be observed from that the loop of 02 is 

n^T.^{x AX) = nnY,{j:x a y,x) of^ssx ^ n^T?x 

while induces 

n'^Y?{X AX)'^ n'^Tp{^^Y?X A Vi^Y^X) n'^Ti^iS^ A Vt^Ti^X A Vt^Ti^X) 

which also have the same domain and codomain. By taking iteration, we can 
obtain, from the Samelson product and 0^, two maps Vi^Yj^^^X^*' — !• Vl^Y?X for 
fc > 2 which would be homotopic if 02 — '02 ■ 

Moreover, the maps VL^TI'+'^ X'^^ Vl?Y?X (k > 2) look interesting, as Q'^Y'^X^'' 
is the target space of fthk where is the fcth James- Hopf invariant [HIS]. Recall 
[H [3] that an important family of self-maps of ilYX are the following composites 

^„ hk v/\k iteration of Samelson product ^^^^ v 

This together with the viewpoint that smash operations are general analogues of 
the Samelson product suggest that there might exist maps 

n^Yi^X n^Y^iS' AX'"') 

which would be 2-dimensional analogues of the James-Hopf invariants and that a 
family of self- maps of fl^Y^X may be of the following form 

fl^Y'^X fl^Y^{S^ A X^'") t'"™'^) iteration of smash operations^ ft'^Y'^ X 

where the first part can be loop of the James-Hopf invariants and could be 2- 
dimensional analogues of the James-Hopf invariants. For instance, iteration of 
smash operations 

A {n^Y^X f^ n^Y^x 

gives maps 

S''-^ A (fl^Y^X)'''' n^Y^x 
which provide many self-maps of il^Y'^X 

n^Y^x = r2r2S(sx) nnY{YX)'"' = n^Y^{s''-^ a x""") n^Y^x. 
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The above discussion also applies to Just like that the Samelson product 

Q.X A ^IX — )• fix can induce maps fiSX^*' ClTiX, mixed iteration of smash 
operations 

5' A (n^x)^*^ n^x 

can also induce maps for n > 2 

0"S"(S'' A f2"E"(5' A (O^S^X)^'^) ^ fl^'i:'' {fl^T,'^ X) 

which should also coincide with certain smash operations on 0"S"X constructed 
in the same way of those on fi^E^X. Then similarly there might exist maps 

which would be n-dimensional analogues of the James-Hopf invariants and a family 
of self-maps of Cl^Tt^X may be of the following form 

Qnj^n-^ 2^ f2"S"(5' A X^'^) (™™'^) 'deration of smash operations^ fl'^T,'^X 

where the first part can be loop of the James-Hopf invariants and could be n- 
dimensional analogues of the James-Hopf invariants. 

5. Applications to Homotopy Groups 

An application of smash operations is that they induce operations on homotopy 
groups which can bo assembled together to give a conceptual description of the 
structure of homotopy groups. 

Generally, any map 

(j) : XiA-- - AXk ^ X, 
induces a family of functions on homotopy groups 

sending [/j] e WmiXi, 1 < i < k, to the homotopy class of the composite 

5™ = A • • • A 5""= ^^^'"^^"j Xi A • • • A Xfe A X. 

Therefore, each smash operation 6a (if exists) on "i^-spaces Y induces a family of 
functions on homotopy groups 

: TT/S' X WrmY X ■■■ X TTmkY Tr^F, 

where a & Zk[S\'7^], which are natural with respect to "^-maps. Thus call them 
operations on homotopy groups. 

(^J* where t is the fundamental class of 7r„_i'?f„(2), is related to the Whitehead 
product [—,—]. Let QqX denote the path-connected component of the basepoint 
of 
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5.1. Smash Product on Homotopy Groups. Let Xi, . . . , {k > 2) be pointed 
spaces. Define the smash product on homotopy groups 

A : TVmiXi X • • • X WrnkXh T^m{Xl A • • • A Xfe) 

([/i],---,[/fe])^[/iA---A/fe], 

where nii > 0. 

The notions of bihnear homomorphism and multihnear homomorphism can be 
extended to general monoids and groups (unnecessary abeUan). For nonabehan 
monoids and groups, the product is still denoted by +. 

Lemma 5.1. The smash product ir^j^Xi x • • • x Tr^k^k ^ '^■mi^i A • • • A X^) is 
linear on the ith factor if mi > 1. 

Proof. Consider the case k = 2 first. Let [/i], [/{] S TTjXi, [/2] G T^jX2 and i > 1, 
then ([/i] + [/(]) A [/2] is represented by 

S'+^ =S'A iS' V S') A ^^'^^^^^-^'i (Xi V Xi) A Xj Xi A X2 

and [/i] A [/2] + [/(] A [/2] is represented by 

gi+j _^ S'+'WS'+' iS'AS')\/{S'AS^) (^^^■^^^^(■^i^-^^); (XiAX2)V(XiAX2) ^ X1AX2. 
It is clear that the following diagram is commutative 

S'+^ — S' A {S' V S') A (f^'^fi^^f^ , V Xi) A X^ ^ X^ A X2 

S^+j V S'+^ {S' A^y^ (/iA/2)v(/{A/.)^ aL)^'. 

So 

([/l] + [/(])A[/2] = [/l]A[/2] + [/{]A[/2]. 

Similarly the smash product is linear on the second factor if 7 > 1. The cases k > 2 
follows by induction from the following decomposition of the smash product 

□ 

It should be noted that if Wj = 0, the smash product is generally not linear on 
the ith factor. 

Proposition 5.2. For any pointed map (j) : Xi A ■ ■ ■ A Xk X, the composite 

TTmiXi X ■■■ X TTmkXk A- TTmiXl A • • • A Xfe) TT^X, 

is linear on the ith factor ifmi>l. It is particularly multilinear if allmi>l. □ 

Recall = {1,-1} with basepoint 1. Choose a generator of HqS^ = Hq{—1) c 

HaS'^ and denote it lq. Let t/,. be the generator of H^S^ = HkS^ [k > 1) via the 
suspension isomorphism HoS° HiS^ ^ H2S^ ^ • • • . Then from A ^ S^+^ 

(«,i>o), 

HiS' X HjS^ A- Hi+j{S' A S^) ^ Hi+jS'+^, {a, lj) ^ a A tj ^ n+j. 
For i > 0, the Hurewicz map is 

h:WiX^HiX 
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where : HiS^ ^ HiX is the induced homomorphism of the pointed map f : ^ 
X. Note that h : ttq-X" — > HqX — 1j[kqX] sends a e -kqX to a € -kqX c ZIttoX] and 
thus is not a homomorphism! For instance, 

/i : Z = TroO"^" iJo^^^S"" = Z[Z] = Z[. . . , t-i, 1, i^, . . .] 

sends i to (n > 1). 

Lemma 5.3. The following diagram is commutative for mj > 

TTrrnXi X • • • X TTm^Xk TTmiXl A • • • A Xfc) 

hx---xh 

HmiXi X • • • X Hm^Xk — ► Hm{Xi A • • • A Xfc). 

Proof. It suffices to consider the case k = 2. For i,j > 0, [/] € TTjX and [g] G Tr^y, 
the following diagram is commutative 

HiS' X HjS^ Hi+j{S' X S'^) — Hi+j{S' A 5^) 



f,x-g* 



X iJj-r — ► Hi+j{X X y) — - AF). 
Thus (/ A .g) *(/-.,: A tj) = A g*/,^-. Then 

A[sf]) = h[f Ag] = {f Ag)^{ii+j) = (/ A 3)4^ A tj) = f^HAg^tj = h[f]Ah[g]; 
namely the following diagram 

■KiX X TTjY TTi+j{X A Y) 

hxh 



HiX xHjY Hi+j{X A Y). 



is commutative. 



□ 



Proposition 5.4. For any pointed map </> : Xi A ■ ■ ■ A X^ — >■ X, the following 
diagram is commutative for mj > 



T^miXi X • • • X TTm^Xk TT^ (Xi A • • • A Xfe) 



hx---xh 



TTjnX 
h 



HmiXi X • • • X Hm^Xk — Hm{Xi A • • • A Xk) HmX. 

Proof. Comniutativity of the second square follows from the naturality of the 
Hurcwicz homomorphism. □ 

5.2. Induced Operations on Homotopy Groups. For a e Zi.[S\'^^] {I > 1), if 
9a — A*fc restricted to the fat wedge FW(5'' x Y'^), then we have a smash operation 
60,: A Y^'' Y inducing 



{6^)* : TTl'S'' X TTmiY X • • • X TT^^F 
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which is hnear on ttcS"' for I' > I and hnear on n,niY for > 1. For [0] e nils'", 
we have the foUowing commutative diagram 



nmiY X • • • X 7r„ij.i^ 




ni+mY 



where : Trj+^i^ — > Ti'/'+mi^, [/] [/ ° ('/' A idg™)], foUowing from the obvious 
commutative diagram 



5'' A S*™! A • • • A S"'" S' A r^*^ 



Y 



0Aid 

T 

S-'aS""^ A-.-AS""". 

So we shall only consider the case I' = I. Since {9a)* is linear on wiS', we need only 
consider 

Oa (^q)*('-; -) : ^ra.Y X • • • X 7r„^y 7r/+„y 
where t = [id^i] e 7r;5'. Also use the same notation to denote 

Oa ■■= {Oc.)*{r, -) : H^^Y X • • • X H„,,Y ^ 



Proposition 5.5. Under the condition of Theorem 4-4 for a E Z^yS' ,^\, 6a ■ 
■n^-^Y y-TT^^Y — )■ TTi+mi+m^Y is linear omi„^.Y ifm.i > 1 and the following diagram 
is commutative 



nmiY X TTm^Y 



^/+mi+m2 Y 
h 



Hm.,YxHrn.Y H, 



l+mi+m2 



Y 



for THi > 0. 



□ 



Proposition 5.6. Under the condition of Theorem 4-12, for a e Zk[S^,'^], Oa ■ 
nmiYf) X • • • X tTj^i^Yq — >■ TTi+TO^o Hnear on TimiY if rui > 1 and the following 
diagram is commutative 

^miYo X • • • X TTm^Yo TTi+mFo 

h h 
Hmj^Yo X • • • X Hm^Yo — ► Hi+rnYo 



for rrii > 0. 



□ 



Example 5.7. The Samelson product [— , — ] : ftX A ^IX — >■ flX induces a product 
on homotopy groups 

, — ] : TTiQX X TTjflX — > ni+jQX. 
For n>2,e, = 9,^_, : S''-^ A rj"X A Q'-'X fl'^X induces a product 
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For a g Brunfc/ca(Pfe), 6^:8^ A {^IX)'^^ ^ ^^X induces 

6a ■ TTm^nlX X • • • X 7r„ij^ JIqX — > TTi+,n^lX , 

namely 

6a ■ T^2+rniX X • • • X 7r2+mj^X ■n^+mX 

for mi > 1. In particular when n > 3, X — 5" and 2 + mi — n, 

9a ■ TTn^" X • • • X TTnS" — !• 7r3+j,(„_2) S*" . 

Clearly each a G Brunfe/ca(Pfc) gives an element 9a{i!n^) G T^i+k(n-2)S^^ ■ Thus the 
identity map of S*" generates a family of elements in tt^S"" under all operations Oa 
and there will be more if take (mixed) iterations of these operations. If fc > 3, Oa is 
unfortunately trivial in homology since Brunnian braids are commutators, so that 
information of 9a on homotopy groups can not be obtained from homology. 

Corresponding to the relation between 9^ and the Samelson product, the induced 
operation 9^ on homotopy groups is related to the Whitehead product 

[— , — ] ; TTiVL'^X X ■KjVL'^X — TTn+iX X TTn+jX 'K2n-l+i+jX. 

Proposition 5.8. For x e TiiVl^X and y e ttjU^'X (i.j > 1). 

9,{x,y) - [x, y] e Ker (/i : iTn-i+i+j^oX Hn-i+i+j^'^X), 

where h is the Hurewicz homomorphism. 

This proposition is an immediate consequence of the above discussion and the 
following lemma. 

Lemma 5.9 (Cohen (1976) [7 ). The following diagram is commutative for i, j > 1 

TTiCl^^X X TTjn^X — — ■ — >- Trn — l-i-i-\-j^y^X 

X X X Hji—i-^i-^j^ X 

where the Browder operation A„_i (— l)'"^"'^-'*^"'^f?*(t„_i a ® 6). □ 

It should be noted that this lemma does not hold generally if i = or j = 0. 
Noting 9 : "^2(2) x n'^S" x 17^ S"^ ^ f^f+jS'", A„_i(t„,i„) € H„_in'^S'\ while 
h[i.n,hi] G /i7r„_if2"S'" — /iTrn-iilpS'" C Hji^iUqS'^. It seems they would become 
the same after translating A„_i(i„,t„) into Hn-i^QS^. 

It is also natural to make the following conjecture. 

Conjecture 5.10. 9^ coincides with the Whitehead product [— ,— ] on homotopy 
groups, namely the following diagram is commutative 

T^n+iX X i:n+jX ^ ' \ 1T2n+i+j-lX 

TTiVL'^'X X 'iTjVL'"'X — — — y 7r,i_i_|_i-|_jrj" 



OPERATIONS ON SPACES OVER OPERADS 



27 



Composed with the canonical inclusion X ^ r2"S"X, smash operations also 
provide operations connecting the homotopy groups of various suspensions of a 
space. Namely, for a path-connected pointed space X, if there is a map S*' A 
n"X, then 

induces a multilinear homomorphism 

for rrii > 0. Thus the Samelson product 

X AX ^ nY.x A nY,x ^— ^ nj:x 

induces a bilinear homomorphism 

TTiX X TTjX Tr.iflY.X X TTjfl^X TTi+jilT^X — TTl+j+jSX, 

and 

5"-^ AX AX S*"^! A A 
also induces a bilinear homomorphism 

Similarly, for a G Brunfe/ca(Pfc), : S'^ A (f^o^)^'^' ^ f^o^ gives 
inducing a multilinear homomorphism 

If smash operations 5' A (fl^^X)^'' — > ri"X could also be established for n. A; > 3, 
then they would induce multilinear homomorphisms 

TTmiX X ■ ■ ■ X TTrn^X 7r/+„+„jS"X. 

It is of particular interest to consider this type of operations on the homotopy 
groups for various spheres S", n > 1. The Samelson product on flX induces a 
binary operation from tth.S'" to 7r*S'"+^, smash operations on fi^X induce operations 
from 7r*S'" to 7r*S'""'"2, and smash operations on il™X induce operations from tt^,S^ 
to 7r*5'""'"'". Hence all the homotopy groups of all spheres {njnS^}m,n>i can be 
connected by these operations. 

Smash operations are also connected to the homotopy groups of wedges of 
spheres. Recall [13] that the set of all operations on homotopy groups is in one- 
to-one correspondence with homotopy groups of wedges of spheres. Let X = 
g2+rm V ... V 5*2+™'=, and L2+m, the homotopy class of the inclusion 3'^+"^' ^ X. 
Hence we have the following functions from the conjugacy classes of Brunnian braids 
to the homotopy groups of certain wedges of spheres 

:P2^7r3+,;+,(52+.v^2+,) 

where i,j > 0, and 

Ql : Brunfc/Pfc ^ ^■i+m{S^+"'' V • • • V 8^+^'') 

6a ('•2+mi , ■ • ■ , ''2+mfc ) 
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where mi, . . . , ruk > 1. 

5.3. Structures of Homotopy Groups. All these induced smash operations on 
homotopy groups can be assembled together to give a conceptual description of 
the structure of homotopy groups. We shall deal with algebraic operads in the 
following. One may refer to [10] for algebraic operads. 

First let us look 7r*(rio-'^) from the point of view of algebraic operads. The 
Samelson product on homotopy groups 

9t = [— , — ] : TTirtoX X TTjiloX — > ^^i-^-j^^QX 

generates a free algebraic operad such that 7T^,iloX is a module over this algebraic 
operad with kernel essentially captured by the following two relations [5] 

[a, b] = {~iy=+' [b, a], [[a, 6], c] - [a, [b, c]] + (-1)'^' [b, [a, c]] = 0. 

Under the conditions of Theorem |4.12| and if 'rf is symmetric, the action of 
Sk on [S^'^ik)] restricts to an action of Sk on ZkiS^"^]. Let ^(2[S'\^];Z) 
be the free symmetric algebraic operad over = {'E[Sk]}k>o generated by 

= {Zfe[S'i,'r]}fe>i. Note that Zk[S^,'^2] = Brunfc/ca(Pfc). (One may also 
consider nonsymmetric ^.) 

Theorem 5.11. Under the conditions of Theorem \4.1S\ and if^ is symmetric, ir^y^) 
is a module over ^ {Z[S^ ,'^];'L) , that is Tr^yg admits a natural action of the operad 
^{Z[S^,'^];Z). In particular, tt^QIX is a module over ^(Z[S'\ -^2]; Z). □ 

If Z is replaced by F = Z/p or Z(-p), then Tr^{YQ,¥) is an algebra over ,^{Z[S^, F) 
which is an algebraic operad over ¥[S^] = {F[5fc]}fe>o. 

The identity map of 5" {n > 3) particularly generates a family of elements in 
TTitS" under the action of ^(ZfS*^, "^2]; Z). If the smash operations on ft^X could 
be extended to ft^X so that ttqU^X = tt2X could be included, then the identity 



map of S"^ would generate a family of elements in tt^S*^ as well. If Conjecture 4.3 
could be proved, then the results on Tr^rigX could be generalized to Tr^ft^X for 
n > 3. 

Compare with 7r*r2o^, the kernel of the action of "^^2]; Z) on Tr^ilpX 

would be generated by certain relations analogous to the relations of the Samelson 
product [— ,— ] : niQX x iTjilX Tri+jV,X [5^, 

[a, b] = (-1)^^+1 [b, a], [[a, b],c]- [a, [b, c]] + {-ly^ [b, [a, c]] = 0. 

Remark 5.12. Note that the conjugacy classes of Brunnian braids play an essential 
role in the structure of the homotopy groups of double loop spaces by Theorem 
|5.11[ It is then interesting to see that they are related to Lie(rt) due to Li and 
Wu [3. The conjugation action of P„ on Brun„ factors through the abelianization 
Brun^''. Namely the projection 

Brun„ Brun^ 

induces a function 

Brun„/ca(F„) -» Brun^'^/ca(P„) = Brun^*' 'Xiz[p„] Z. 
Li and Wu in [9, show that there is an epimorphism of abelian groups 

Brunf (g>z[p„] ^ ^ Lie(n - 1) 
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and Lic(n — 1) admits an S'„-action such that this is a homomorphism of Z[5„]- 
modulcs. Moreover, Wu conjectures that this epimorphism is an isomorphism of 
Z[S'„] -modules. 
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